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Induction




Conuay Checkers with
Diagonal Jumps

My best atitempt: Row &6 1n 294 checkers
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Conuay Checkers with
Diagonal Jumps

The theoretical best:
TABLE 1. Unreachable levels of DIAPEGS 1n Z™

unreachable level k*  f(n,k*) f(n,k* —1)

2 1.000 1.618

9 0.877 1.308

18 0.872 1.286
28 0.967 1.424
40 0.689 1.017
51 0.932 1.376
64 0.703 1.041

However, using ad hoc methods we have constructed a game in Z* that reaches

level 8, so here the upper bound is sharp! It is possible that the bounds are sharp for

all n, but completely new construction ideas would be needed to prove such a result.



A DiffTicult Fibonaccli
FProblem

Let F, represent the nth Fibonacci number. So
F,= 1, F; =1, F,= F,., + Fo_z. Prove that for
every positive integer n, F_, £ (V. 94)°n

« This problem 1s hard because
we have to prove this for
infinitely many values of n

« Directly finding a pattern
wmon't help us here



Induction

Mathematical Imduction i1is a pouwerful tool for
proving a statement for infinitely many

values of some variable.

Imagine tThat Pdin) 1s some statement that wme
want +to prove for all positive i1ntegers n. PN

could be "F_ <« (V7943 ™ gr "1 + 2 + ., + nn =
Nnin+l)"2" or anything else.

Induction consists of two steps:

Base Case: Showm that PC(1) 15 true

Inductive Step: Show that 1 ¥ Pim) 1s tTrue, TtThen
Pim+1) 15 True.

Can you see why this proves POn) for all positive
integers?®



Induction

A common analogy for induction i1is a stTring of
dominoes. HWe can prove that all the dominoes
wmill fall over by proving that the first
domino falls over {(Base Case) and that 1T a
domino falls over, 1T will knock over Tthe
next domino {Inductive Step).




Example:

Let's prove that 1 + 2 + .., + N = nintl}) " F
using induction.

Base Case

1C1+1027"2 = 272 = 1

Inductive Step
Start with:

1 + 2 + ... + m + (m+ld

Since we're assuming that Pim) 15 true, we can
wmr1te:

= mim+l)-"2 + (m+1ld

Mowu just use algebra to finish the prooT.



Example:

mim+1d) "2 + (m+1ll

= (m+1>xim-"2 + 1>

= (m+1dXC{im+2) "2

= (m+1>2»C{i{m+1r+1>."2

which is e=actly what we wmanted!?
Therefore,

1 + 2 + ... + n = nintl)"2

for all positive integers n.



A HQuick MNote

It 15 said that induction i1is only used To
conftirm guesses,. Induction allowed us tTo
prave the previous theorem, but 11t gave us no

idea wmhere nin+l}) "7 came Trom.

You could have made that guess by finding a
pattfern 1in the sums from 1 +o n.



StTrong InducTion

Regular Induction still isn' 1t enough 1o solwve

tThe Fibonacci problem, we

neaed strong i1nduction.

Strong Induction is almost the same as regular

induction with one slight

Induction consists of two

change...

s teps:

Base Case: Showm that PC1)

Inductive Step: Shon that
Pim+1) 1s fTrue.

Strong Induction consists

is True

if Pim» 1s tTrue, then

of tTwo steps:

Base Case: Show that PCO1)

Inductive Step: Showm that
Pim—1», and Pim}» are tTrue,

is tTrue

iT PC1y», PCZ2),
Then Pim+1) 15 tTrue.



Fibonacci Problem

Let F, represent the nth Fibonacci number. 5o
F, = 1, F; =1, F,= F,.;, + F,_. Prove that fTor
every positive integer n, F, £ (V793

Base Cases

(Y-"4)»"1 = 779 » F,
(Y-4)"2 = 49716 > F,



Fibonacci Problem

Inductive Step

Fn+1

- Fl'l + Fn—.l

€ (F°92"n + (F. 943 n-1

= (V74" n-1 . (V4 + 1)

€ (¥4 n-1 . (F 4 2

= (Y793 ntl

Mhich i1is what we wmanted!?

The second to last step 1s tTrue because

T34 + 1 = 11-°94 £ & £ 949716 = (7¥-794)»72



Heek = Nov 24 dF

1. Prove the following relations using induction:
ar 12 + 22 ¥+ ., + N2 = nin+1»{(Zn+lr .6
b)) (1+1-12C1+1-22»..(1+1-Nn>» = n+1l

Z. Shom that if m 1is a positive i1nteger and = 1s a real number
greater than -1, then (1+=)n ¥ 1 + n=.

4. Shom that every integer >1 can be represented as the product
of one of more primes.

4. Reexamine the Fibonacci prooT.
aHuhy does regular induction not wmork i1n this case?®

b)MWhat 1s the smallest positive value of B where you can prove
tThat F, <« B2 (It's lower than 79>

c)Once you've found B, what is the largest value of Cc you can
find such that F, z cgn 2



