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Divisibility

Divisibiliidy is one of the fTfoundations of
Mumber Theory.

n 1s divisible by d 1 f n = gd for sSsome
integer q.

10 15 divisible by 3 since 10 = SOxE#F
10 15 divisible by —2 since 10 = —#Fx-5

10 15s mnot divisible by 3 because there
is no integer g where 10 = 3q



HepresentTing a number
by 11s digits

100=s 10s 1s

Faem |

2096 = 6 + 103 + 10002)

d,d,d,

N = d, + 10d, + 100d, + 1000d...



Divisibility by 1

Every intTeger 1S
divisible by 1

1 2 34 5356 7 %9 10 11 12



Divisibility by &

The last digit i1is even.

o 2 4 6 %

This i1is because 10, 100, 1000,... are all
divisible by #.

M =d, + 10d, + 100d, + 1000d...
The only digit that

determines wmhether M 1s
divisible by £ 1s d,.

1 2 34 5356 7 %9 10 11 12



Divisibility by 4

The last 2 digits are divisible by 4.

237, 239, 2356

This i1is because 100, 1000, 10000, are
all divisible by 4.

N = d, + 10d, + 100d, + 1000d...

The only digiits that
determine mhether N is
divisible by 4 are d, and d,.

1 2 34 5356 7 %9 10 11 12



Divisibility by &

The last 3 digits are divisible by &,

237, 239, 236

This i1is because 1000, 10000, 100000,
are all divisible by &,

N = d, + 10d, + 100d, + 1000d...

The only digits that
determine mhether N i1s
divisible by & are d,, d,.
and d,.

1 2 3 4 536 7 %9 10 11 12



Divisibility by S5

The last digit is 5 or 0.

23537, 239, 235

This i1s because 10, 100, 1000,
divisible by 5.

are all

N = d, + 10d, + 100d, + 1000d...

The only digit that
determines wmhether M 1s
divisible by 3 i1s d,.

1 2 3 4 536 7 59 10 11 12



Divisibility by 10

The last digit is 5 or 0.

23537, 239, 230

This i1s because 10, 100, 1000,.. are all
divisible by 10,

N = d, + 10d, + 100d, + 1000d...

The only digit that
determines wmhether N is
divisible by 10 i1s d,.

1 2 3 4 5356 7 59 10 11 12



Divisibility by 6

The nmnumber passes the divisibility tesis
for 2 and 3.

B = Z¥35

1 2 3 4 5 6 7 59 10 11 12



Divisibility by 17

The nmnumber passes the divisibility tesis
for 4 and 3.

12

= 4x3F

1 2 3 4 5 6 7 &9 10 11 12



Divisibilidy by 5, ¥, 9
and 11.

These ones are harder to explain than the
others

1 2 d 3 6 o 10

12



Divisibility by 5 & 3

2 The sum of digits of M 1s divisible by 3.
9: The Sum of digits of H 1s divisible by 9.

TE25, 129 Sum of Digits = 7F + 2 + 3 + 1 + 2 + 9

= 24

This number 1s divisible by 5, but nmot by 9

1 2 3 4 535 6 7 59 10 11 12



ProotT of divisibiliiy
by 5 & 9

]
Let di{N} be the sum of digits of HN.
IfT M = d, + 10d, + 100d, + 1000d;..
tThen diN» = d, + d; + d; + d;.
Consider the value of M — diM>:
M — di{M)>
= {d, + 10d, + 100d, + 1000d...>» — (d, + d, + d, + di.>

od, + 99d, + 999d..,
9c¢d, + 11d, + 111d...)

So M — diN) 1= a multiple of 9. ITf diNM}) 15 a
mulftiple of 9, then M must be a multiple for N —
di{MN}» 4o s1111 be a mulftiple of 9. This 1s mhat wme
wanted tTo show. Since 9 1s a multiple of A&, tThis
also proves tThe rule for 3.



Divisibility by 11

The alternating sum of digits of N i1s
divisible by 3.

23, 129

T — 2 + 3 -1 + 2
O

Alternating Sum of Digits

O 15s a multiple of 11, so ¥2353, 129 1s
divisible by 11.

1 2 34 536 7 %9 10 11 12



ProotT of divisibiliiy
by 11

Let s{NM} be the alternating sum of digits of HN.

If N = d, + 10d, + 100d, + 1000d,.

Consider the value of M — diM>:

— s {M)

(d, + 10d, + 100d, + 1000d..> — ¢d, — d, + d, — dz.)
1id, + 99d, + 1001d...

11¢d, + 9d, + 91id..J

So M — s{N) 15s a multiple of 11. ITf s{(MN) 15 a
mulftiple of 11, then M must be a multiple of ¥ for N
— s{M}) 1o s1T111 be a multiple of 11. This i1is what wme
wmanted To show.



Divisibility by 7

I¥ we write M as Ad = 10A + d, tThen N i1s
divisible by ¥ 1Ff and only 1 f A — 2d is
divisible by 7.

T£5, 12% 10C72, 312 + &

T£2%,12% 15 divisible by ¥V 1Ff and only 1Ff
T2, 312 — 2(&8)y = Y2795 1s divisible by 7.

Y2295 1s divisible by ¥V 1 and only if
TEL29 — 2Z2{6) = 217 is divisible by %.

T217 1s diwvisible by ¥ i1iFf and only if
T2l — 2C(7>» = FTOV is divisible by 7.

TO7 is divisible by ¥V, so V.217, V&, 7296,
T3, 12% are all divisible by 7.

1 2 34 5356 7V %9 10 11 12



ProotT of divisibiliiy
by 7

]
Llet M = Ad = 10A + d.
Let = = A — Z2d.
Consider the value of M — 35!
M — 3s
= {10A + d» — ZF{A — Z2d)
= ¥A + Yd
= FT{A+d)
So M — =5 1is a multiple of ¥. It 5 1s a multiple of
Y, tThen M must be a multiple of ¥ for N — s o s1t111l1

be a multiple of ¥. This is what we manited +o show.



Divisibilidty RFules 1-172

Every Integer

:LastT digit 1s even

:S5um of Digits 15 daivisible by 3

:LastT # digits are divisible by 4

s LastT digit 1s O ar O

Divisible by 2 and 3

:Rest of the number minus tTwice tThe
lastT digit 15 divisible by 7

LastT 5 digits are divisible by &

:Sum of Digits 1s divisible by 9

:LastT digit i1s O

tAlternating sum 1s divisible by 11

Divisible by 4 and 3



Meak 4

1. There are 294 4—digit nmnumbers using
tThe digits 194 once seach. Houo many are
divisible by 4%

2. 5,941G,50V.,.2H6 i1is divisible by 2.
Mhat are all possible pairs of digits

(G,H»*?

A. ASZ,6490,5¥B i1is divisible by 99, Hhat
are all possible pairs of digits
Ch,B>»2

4. Create a divisibiliity test for 13
based on the one shouwn for 7.

2. Iry o complete as many problems as
you can from a previous COMC contest.
(Link posted on GC)

Ooct 20

Mo meeting
ne=t wueek
since the
COMC would
be
happening
on The same
day.



